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Question 1: The Dirac equation

a)

The Langrangian density for the Dirac field ¥ is
L=U(d—m)¥ .

Write the action in four space-time dimensions and use the variational principle to derive the Dirac
equation.

[3 marks]

Find all plane wave solutions of the Dirac equation for a particle at rest, i.e. p = 0. State two
alternative methods to generate solutions with arbitrary spatial momentum p.

[6 marks]

Consider the covariant form of the Dirac equation. Assume that ¥ transforms under a Lorentz
transformation 2/ = Az as ¥(z) — ¥'(2') = A;¥(x), with A being a four-by-four (constant) matrix.
Show that the Dirac equation is form invariant (and hence covariant) if

AN A = AY A1
[6 marks]

Write the Dirac equation in five space-time dimensions and provide an explicit form for all the Gamma
matrices (i.e. v, with p =0,...,4). Comment on whether this representation of the five dimensional
Lorentz algebra is reducible.

[5 marks]
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Question 2: The Dirac field (in this problem keep explicitly all factors of & and ¢)

2)

Start from Dirac’s equation and motivate the relations
{a',0?} =269, , {o',B}=0, B=1I.
[4 marks]
Show that it is not possible to satisfy these relations with Hermitean 2 x 2 or 3 x 3 matrices.
[6 marks]

Consider a Dirac field of the form
U = e—%mCQt < QZ)(t’xZ) )

where ¢ and x denote two component column spinors with space-time dependence. Start from Dirac’s
equation and decompose it into two coupled equations for ¢ and .

[3 marks]|
In the non-relativistic limit one can use 1/c as an expansion parameter.

i) Assume that, in such an expansion, ¢(¢,z%) is of order one and show that x(t,z%) is of order
1/c. Write the two equations obtained in Question 2(c) to leading order in the 1/c¢ expansion
obtaining an equation for x(¢,z') and one for d¢(t,2")/0t in terms of the space derivatives of

o(t, zt).
[2 marks]
ii) Push these two expansions up to the first subleading correction in 1/c.
[5 marks|

Turn over
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Question 3: Symmetries and gauge fields

a) Show that the electromagnetic field strength F),, = 0,4, — 0, A,, is invariant under the gauge trans-
formation A, — A, + J,x, with x an arbitrary, real function of the space-time coordinates.

[2 marks]

b) The Lagrangian density for the Dirac field ¥ is
L=U(gd—m)¥ .

i) Show that the transformation ¥ — eXW, now with a real constant parameter Y, is a global
symmetry of £ and find the corresponding conserved current.
[6 marks]

ii) Write the minimal coupling of this current to the gauge field A, and obtain the QED Lagrangian
density. By identifying the symmetry parameter x with that of Question 3(a) show that the
QED action enjoys a local (gauge) invariance.

[5 marks]

¢) The Chern-Simons Lagrangian density in three space-time dimensions is

k
Lcs = §€WVAPFW )

where e”*” is antisymmetric in the exchange of any two indices and €"'?2 = 1. Show that £cog changes

by a total derivative under the gauge transformation defined in Question 3(a).
[2 marks]

d) Derive the transformation properties of Lcog under the proper Lorentz transformations and under
the improper ones (such as space reflection).

[5 marks]
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Question 4: The neutral Klein-Gordon

a) The Lagrangian density for a free, real Klein-Gordon field ¢ is
1
L= 5(%(158“(]5 —m2¢?) .

Obtain the field equation for ¢.
[2 marks]

b) Obtain the conjugate variable to the field ¢ and write the canonical commutation relations.

[3 marks]
c)  Use the Fourier expansion
o) = [ ko) e 4l ) ]
2E;(2m)3 ’
and derive the commutation relation among the Fourier modes.
[7 marks]
d) Now set the mass to zero, m = 0.
i) Show that the commutator of two fields at generic space-time points x and y
iA(z —y) = [6(x), (y)]
vanishes outside the light-cone (i.e. when (z — y)? # 0).
[3 marks]
ii) Derive an explicit expression for (0|¢(z)é(y)|0) and show that it does not vanish outside the
light-cone.
[5 marks]

Hint: the following integrals may be of help

oo (o] .
10T 1 10T ¢
re'dr = —— | e"“dxr = —
« «

0 0

Turn over
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Question 5: The S-matrix

a) Consider the theory of one real ¢, and one complex scalar field ¢. defined by the action
1 1
§= / {Qamrawr + 0udl0" pe — 5m?e7 — A¢l¢c¢r} d'x .

Define the free Lagrangian density Lo and the interaction part Lint. Give the physical units for the
¢’s and A so as to make the action dimensionless (use the conventions ¢ = h = 1).

[4 marks]
b)  Write the Dyson formula for the S-matrix in terms of Liyt.
[4 marks]

c) Use the Fourier expansions

br(2") = /2.EZ?§7T)3 [a(%) e—ika | aT(E) eik.x} :

bo(zt) = /2“457[?;)3 [b(E) =ik 4 (B ez‘k.x} ‘

The field ¢. creates a type of particles (c-particles) and destroys another type of particles (b-particles);
the field ¢, creates and destroys a-particles. Give at least one reason why b or ¢ particles cannot
decay into a-particles.

[4 marks]

d) Consider the decay of an a-particle of momentum p3 into a b-particle and c-particle of momenta pj
and ps respectively.

i)  Write down the in- and out-states using the Fourier modes and the vacuum state |0).
[3 marks]

ii) Focus on the first term in Dyson’s formula that contributes to the decay process mentioned
above. Write this term as a function of the Fourier modes and calculate the decay amplitude.

[5 marks]

End of Paper - An Appendix of 1 page follows
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Appendix
Formula sheet (in units h=c=1)

4-vector notation:

1 0 0 O

y v . v 0 -1 0 0

a-b=a"b, =aub' = a"v"nu, = a,byn™” with g, =0 = 0 0 -1 0
0 0 0 -1

= (taf) y Tp = (t7 _f)
0 0 - 0 0 =
/’L = —-— = —_— —_ = — = —_— /\lj/ = 1 l’l' - = 1
0 oz, (8t’ V) 0 O = G (at’v> D=0 P = 10
Klein-Gordon equation: (—p-p+ m?)y = (9,0 + m?)y = (O+m?)yp =0

Free Dirac equation in Hamiltonian form: 2%\11 = (a@-p+ Bm)¥, or in covariant form:

(i@ =m)¥ = (v —m)¥ = (F—m)¥ = (v-p—m)¥ = (v'pp —m)¥ =0

Dirac and Gamma matrices:

(@) =11,i=1,2,3 =1y olad +alal =0, i #j; B+’ =0,i #j;
0

V= /87 ’Yl = Bai7 {,.y,U«,,.YV} = 277MVH47
v = ir"y 7%

Dirac matrices:
; ’ 0 o I 0
[ 1 L . ) — e 3 = 2
o =0 Q0 —< i >7Z 172a37 ﬁ g ®H2 < 0 _HQ)’
where the Pauli matrices are

(01 s [0 —i 5 (1 0
”‘(10 2= \i o) 7 "o 1)

Note that of, 8 and 4° are Hermitian, whereas the ~* are anti-Hermitian. I; represents the d x d identity
matrix.




