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QUESTION 1: The Klein-Gordon and Dirac equations

(a) Starting from the relativistic energy-momentum relation give a derivation of the Klein-
Gordon (KG) equation for the wave function Ψ(xµ). Using this result show that the

quantities ρKG = i
2m

(
Ψ? ∂Ψ

∂t
− ∂Ψ?

∂t
Ψ
)

and~jKG = − i
2m

(
Ψ?~∇Ψ− ~∇Ψ?Ψ

)
obey a continuity

equation. Prove that the KG equation is covariant, i.e. show that if Ψ(xµ) obeys the KG
equation then also the Lorentz transformed wave function Ψ(Λµ

νx
ν) obeys the same

equation. [7]

(b) Find positive and negative energy plane wave solutions of the KG equation and express
the most general solution to the KG equation in terms of these. For both types of plane
wave solutions calculate the density ρKG. Using this result explain why Schrödinger gave
up on the KG equation and instead introduced his non-relativistic wave equation. Which
property of the KG equation is the reason for this problem. Describe briefly what radically
different interpretations are given to Ψ and ρKG in Quantum Field Theory. [6]

(c) Describe how Dirac proposed to circumvent the problems of the KG equation and, hence,
motivate the form of the ansatz for the Dirac equation. Give a derivation of the Dirac
equation stating clearly the novel features of the Dirac equation and its wavefunction.
Derive the continuity equation associated with the Dirac equation and hence argue that
the probability density is positive and conserved. [7]

QUESTION 2: Solutions of the Dirac equation

(a) Consider positive energy plane wave solutions of the Dirac equation (using the Dirac
matrices given on the FORMULA SHEET)

Ψ = N e−ip·xU(p, s) with U(p, s) =

(
φ
χ

)
,

where φ and χ denote two component column spinors. Derive equations for φ and χ and
hence find the general expression for U(p, s) up to a normalisation factor N . [6]

(b) Using the positive energy plane wave solutions U(p, s) constructed above, find the normal-
isation constant N by requiring U †(p, s)U(p, s) = 2E. Hence show that U(p, s)U(p, s) =
2m. Note: you may use the identity (~σ · ~p)2 = ~p2I2 without proof. [4]

(c) Find the constant parts of the plane wave solutions U(p, s) with the correct normalisation
constants for the case of a Dirac particle at rest ~p = 0 and a Dirac particle moving in the
z direction ~p = (0, 0, pz). Show that the two U ′s are related by a boost in the z-direction
where the boost of a Dirac spinor in the z-direction is described by the matrix

S = e−iωσ(Kz) ,where σ(Kz) =
i

2


0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0

 .

Show that the correct boost parameter ω obeys cosh ω
2

=
√

E+m
2m

and sinh ω
2

= pz√
2m(E+m)

.

Remember, that E, pz and m are related as E2 = p2
z +m2 in this example. [10]
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QUESTION 3: Symmetries and gauge fields

(a) State what is meant by covariance (form invariance) of a relativistic wave equation under
symmetry transformations. Symmetries of relativistic wave equations (and quantum field
theories) can be continuous global, continuous local or discrete; give one example of each
type. [4]

(b) Show that the electromagnetic field strength F µν = ∂µAν − ∂νAµ is invariant under the
gauge transformation Aµ → Aµ + ∂µχ, with χ an arbitrary, real function of the space-
time coordinates. How must the Dirac field Ψ transform under a gauge transformation,
in order that the combined transformation of Aµ and Ψ preserves the QED Lagrangian
(proof required)

LQED = −1

4
F µνFµν + Ψ(i∂/+ qA/−m)Ψ .

[6]

(c) The Lagrangian density for a massive vector field Bµ is

L = −1

4
FµνF

µν +
1

2
m2BµB

µ ,

where the fieldstrength is defined as Fµν = ∂µBν − ∂νBµ and m is the mass of the vector
field. Find the Euler-Lagrange equations of motion for Bν and show (for m 6= 0) that
they imply

∂νB
ν = 0 .

[7]

Is the Lagrangian density L invariant under gauge transformations Bν → Bν + ∂νχ(x),
where χ(x) is an arbitrary function depending on xν? Justify your answer. [1]

Find plane wave solutions of the form Bµ = εµe−ip·x and show that the polarisation vector
is transverse i.e. ε · p = 0. [2]
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QUESTION 4: The neutral Klein-Gordon field

(a) The free, neutral Klein-Gordon field φ = φ† has Lagrangian density

L =
1

2
(∂µφ∂

µφ−m2φ2) .

Obtain the field equation for φ and the Hamiltonian density H in terms of φ and its
derivatives. [4]

(b) The free, neutral Klein Gordon field may be expanded in the form

φ =

∫
d3k

2E~k(2π)3

[
a(~k) e−ik·x + a†(~k) eik·x

]
,

with E~k = +
√
~k2 +m2 and k · x = E~kt− ~k · ~x. Show that the commutation relations of

the operators a and a† (see FORMULA SHEET at the end of exam paper) are compatible
with the equal time commutation relation

[φ(t, ~x),Π(t, ~x′)] = iδ(3) (~x− ~x′) ,

where Π = φ̇ denotes the momentum canonically conjugate to φ. [6]

(c) Using the commutation relations for a(~k) and a†(~k) given on the FORMULA SHEET
calculate the commutator of two field operators at general space-time points x and y

i∆(x− y) = [φ(x), φ(y)] .

Note that you do not have to perform the final three-momentum integral explicitly. Show
that the result is Lorentz invariant and vanishes for space like separations (x − y)2 < 0.
Discuss the physical significance of the latter property of [φ(x), φ(y)]. [5]

(d) The normal ordered form of the Hamiltonian operator of the real Klein-Gordon field can
be written in the form

H =

∫
d3k

2E~k(2π)3
E~k a

†(~k)a(~k) .

Show that the vacuum expectation value of this Hamiltonian, i.e. the vacuum energy
〈0|H|0〉 vanishes giving the appropriate definition of the vacuum state |0〉.
Show that

[
H, a†(~p)

]
= E~p a

†(~p) using the commutation relations for a(~k) and a†(~k) given
on the FORMULA SHEET. Hence, what is the physical interpretation of the operators
a†(~p)? [5]
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QUESTION 5: The S-matrix

Consider the theory of an interacting neutral scalar field with Lagrangian density

L =
1

2
∂µφ∂

µφ− 1

2
m2φ2 − 1

4!
λφ4 .

From Dyson’s formula one infers that the S-matrix is given by

S = T exp

(
i

∫
d4x : Lint(x) :

)
.

(a) Define the free Langrangian L0 and the interaction part Lint. Write down the first three
terms in a perturbative expansion of S. Briefly explain the meaning of the symbol
T . What is the meaning of the normal ordering prescription “: :”? Hence what are
: a(~k)a†(~p) : and : a†(~k)a(~p) :? Note that a and a† are the lowering/raising operators of
the neutral Klein-Gordon field. [4]

(b) Consider the scattering of two particles with momenta ~p1 and ~p2 into two particles with
momenta ~p3 and ~p4. Write down the in- and out-states using the operators a, a† and the
vacuum state |0〉. [2]

Write down the first two terms of the S-matrix element 〈~p3, ~p4|S|~p1, ~p2〉 and show that
the zero-th order term is given by

S0 = (2π)64E~p1E~p2
[
δ(3)(~p4 − ~p1)δ(3)(~p3 − ~p2) + δ(3)(~p3 − ~p1)δ(3)(~p4 − ~p2)

]
.

Give a physical interpretation of the result. Note: you may use the commutation relations
for the operators a and a† given on the FORMULA SHEET. [5]

(c) Now consider the first order term of the S-matrix element and show that it equals
(−iλ)(2π)4δ(4)(~p1 + ~p2 − ~p3 − ~p4). Hints: In your derivation you can be sloppy with
numerical factors. Furthermore, you may use the following results without proof:

: φ4(x) := 6

∫
dkdk′dk′′dk′′′a†(~k)a†(~k)′a(~k)′′a(~k)′′′ exp(i(k + k′ − k′′ − k′′′) · x)

where dk is shorthand for d3k/((2π)32E~k), k · x = E~kt− ~k · ~x, and

a(~p3)a(~p4)a†(~p1)a†(~p2)|0〉 = S0|0〉

where you can take the expression for S0 from Question 5(b). [9]

c© Queen Mary, University of London 2010 Page 4 Please turn to next page



FORMULA SHEET (in units ~ = c = 1)

4-vector notation:

a · b = aµbµ = aµb
µ = aµbνηµν = aµbνη

µν with ηµν = ηµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1


xµ = (t, ~x) , xµ = (t,−~x)

∂µ =
∂

∂xµ
=

(
∂

∂t
,−~∇

)
, ∂µ =

∂

∂xµ
=

(
∂

∂t
, ~∇
)

, p̂µ = i∂µ , p̂µ = i∂µ

Klein-Gordon equation: (−p̂ · p̂+m2)ψ = (∂µ∂
µ +m2)ψ = (� +m2)ψ = 0

Free Dirac equation in Hamiltonian form: i ∂
∂t

Ψ = (~α · ~̂p+ βm)Ψ, or in covariant form:

(i∂/−m)Ψ = (iγµ∂µ −m)Ψ = (p̂/−m)Ψ = (γ · p̂−m)Ψ = (γµp̂µ −m)Ψ = 0

Dirac and Gamma matrices:

(αi)2 = I4 , i = 1, 2, 3; β2 = I4; αiαj + αjαi = 0 , i 6= j; αiβ + βαi = 0 , i 6= j;

γ0 = β, γi = βαi, {γµ, γν} = 2ηµνI4 ,

γ5 = iγ0γ1γ2γ3

Dirac matrices:

αi =

(
0 σi

σi 0

)
, i = 1, 2, 3 , β =

(
I2 0
0 −I2

)
,

where the Pauli matrices are

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

Note that αi, β and γ0 are Hermitian, wheras the γi are anti-Hermitian. Id represents a d× d
identity matrix.

Commutation relations of the raising/lowering operators of the neutral Klein-Gordon field:[
a(~k), a(~k′)

]
=
[
a†(~k), a†(~k′)

]
= 0,

[
a(~k), a†(~k′)

]
= (2π)32E~k δ

(3)(~k−~k′) withE~k = +
√
~k2 +m2.

c© Queen Mary, University of London 2010: Dr. A. Brandhuber Page 5 End of paper


