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• At any loop order L, an MHV amplitude in N=4 SYM can be 

expressed as the tree-level amplitude times a helicity-

independent loop factor:

• At 1-loop:

• At 2-loops: Anastasiou-Bern-Dixon-Kosower’03 (ABDK) 

found an iterative structure relating the 2-loop to the 1-loop.

• To all-orders: Bern-Dixon-Smirnov’05 (BDS) proposed a re-

summed exponentiated expression.  

(checked by BDS at 3 loops for n=4) 

1. MHV Amplitudes and Wilson Loops



• Alday-Maldacena’07:

At strong coupling: amplitudes are related to the Wilson 

loops with the contour made out of external momenta

• Drummond-Korchemsky-Sokatchev’07  

Brandhuber-Heslop-Travaglini’07

Drummond-Henn-Korchemsky-Sokatchev’07-08

found that also at weak coupling there is a relation 

between planar MHV amplitudes and these light-like 

polygon Wilson loops:
Wilson-Loops/Amplitudes 

duality in perturbation theory



• The BDS expression in the exponent (for MHV ampls):

kinematic dependence governed by the 1-loop result.

• For Wilson Loops the BDS formula takes the same form 

with a substitution: 1-loop ampl.       1-loop  Wilson loop:

and the coefficient functions are different:



• At 1-loop the BDS formula is exact by construction.

• At higher-loops (dual conformal invariance indicates that) 
it must be correct for n=4 and n=5 points.

• Explicit calculations show that

at n=6 points and at 2 loops the BDS formula must be 
modified by an addition of the remainder function which 
is the same for the amplitudes and for the Wilson loops :

Bern-Dixon-Kosower-Roiban-Spradlin-Vergu-Volovich;

Drummond-Henn-Korchemsky-Sokatchev’08

DHKS conformal Ward identity: BDS is one particular 
solution => the Remainder must be conformally invariant



At 1-loop: the Wilson Loop and the Amplitude contributions 

are the same up to a multiplicative factor:

Drummond-Korchemsky-Sokatchev’07       Brandhuber-Heslop-Travaglini’07



The relation between Amplitudes and Wilson loops 

at 2 loops and beyond is (traditionally) in terms 

of the Remainder fs.:

with no additional (n-dependent) constant shifts.

Holds for n=4,5 since:

Collinear limits for amplitudes imply that Wilson loops:

We checked that this holds for n=6,7,8 (and no constant shifts allowed). 



• Remainder functions are defined by subtracting BDS:

• BDS formulae have a 1-loop origin and are not the most 

natural quantities to consider e.g. at strong coupling.

[At strong coupling, another solution of the conf anomaly equation 

makes a more prominent appearance: `BDS-like’ expression.]

• In the second half of the talk instead consider a ratio of a 

Wilson loop and a `reference’ Wilson loop. 

This ratio is finite, regularisation-independent and 

conformally-invariant 

(it does not refer to BDS)  

and can be used to:



• The closed contour Cn is made out of the lightlike external 

momenta in the order dictated by the colour ordering of the 

amplitude.

• The non-Abelian exponentiation theorem (Gatheral’83; 

Frenkel-Taylor’84) allows to calculate directly the log of W:

2. Wilson Loops: Systematics



• There are five main ingredients to the logarithm of the 
Wilson loop calculation at two lops for any number of 
edges, n. 

We call them: 

the ``hard diagram'‘    

the ``curtain diagram'‘

the ``cross diagram'‘

the ``Y diagram'', and 

the  ``factorised cross diagram“

(these are Feynman diagrams arising from the use of the 
non-Abelian exponentiation theorem)

At 2-loops:

Anastasiou-Brandhuber-Heslop-Khoze-Spence-Travaglini 09





• The logarithm of the complete n-sided Wilson loop 

(at 2 loops) is given by the sum over these 5 types of 

diagrams:      [all symmetry factors automatically = 1]



• UV singularities in these integrals depend on whether 

Qi=0 or not (i.e. on whether edges are adjacent)

For example fH has a 1/2 singularity if Q1=Q2=0, Q3 0, 

a 1/ singularity if Q1=0, Q2,Q3  0, 

and is finite if Q1,Q2,Q3  0

Comment 1:



• The cusp diagrams are those involving only two 

consecutive edges:

• Are already included (they are a subset of the 5 above)

Comment 2:



• Always compute the log of the entire Wilson loop =>

the Remainder is obtained from this by subtracting BDS.

• DHKS conformal Ward identity  =>

Remainder function must be conformally invariant 

 is a function of conformal cross-ratios u  

<= confirmed by our computation

• We do not impose the Gramm determinant constraint => 

n(n-5)/2 independent on-shell cross-ratios.

[otherwise: 3n-15 independent cross-ratios]

• Basis:



Multi-Collinear Limits

• A  nice property of Rn is the decomposition in the limits 

where k+1 consecutive external momenta become 

collinear:



• Wilson loops computed numerically for 

n=4,5,6,7,8 and up to 30   fully automated procedure 

at a press of a button.

[+ Very recent Del Duca-Duhr-Smirnov analytic result for n=6.]

• Number of distinct diagrams contributing to the n-gon Wilson 

loops does not increase with n. There is a fixed number of  

``master integrals", which we have computed.

• Verified that the remainder function depends on kinematics 

only via conformal cross ratios u. 

• Studied and checked collinear and multi-collinear limits.

3. n-gon computations at 2-loops  

Anastasiou-Brandhuber-Heslop-VVK-Spence-Travaglini 09

Brandhuber-Heslop-VVK-Travaglini 09,        Heslop-VVK’10



Hexagon Calculations 

• R6 of the hexagon at two-loops with u1=u, u2=v and u3=w

• w=1 blue plot, w=10 green plot, w=100 yellow plot, 

w=1000 orange plot, and w=10000 red plot.



Hexagon Calculations

• A plot of R6 at two-loops for u1=u2=u3



Hexagon Calculations

• The Remainder at strong-coupling was derived more 

recently  by Alday-Gaiotto-Maldacena’09 using 

integrability, and it takes a very simple form:



Hexagon Calculations

• It is interesting to compare these results at weak and at 

strong coupling. Modifying the strong coupling result by 

introducing 3 coefficients:

• a very close (approximate) match with the weak coupling 

Remainder can be found (by fixing the coefficients).



Hexagon Calculations

2-loop result

AGM expression

u=infinityu=1u=1/4



• The modified strong-coupling result, 

and the 2-loop result for R are close, 

but cannot be made identical!

Special value at ¼ from the recent analytical 2-loop expression 

Del Duca-Duhr-Smirnov’10:



• Why introduce different coefficients at strong coupling? 

The terms on the RHS have different origin: the first is the 

free energy of an integrable system, while the second 

arose from subtracting the BDS expression from the cut-

off world-sheet area. 

Generally:  Afree + (BDS-BDSlike) + Aperiods + Aextra

• Hope to express the strong- and the weak-coupling 

results as linear combinations of certain master functions 

and then find the coefficients. 

At present we lack the theory giving the basis of master 

functions (at least at weak coupling).



Seven-point Calculations

• 14 kinematic invariants in total. 7 conformal cross ratios. 

• Conformal invariance checked. 

• Can compute in any kinematics. 

E.G. for all u equal:



Eight-point Calculations

• Twenty kinematic invariants

• Twelve conformal cross ratios:

• Checked conformal invariance of R 

• Performed computations in various kinematic settings

e.g. for general polygons embeddable in AdS3

and/or  for regular polygons.



• See the talk of Paul Heslop

Octagons on the boundary of AdS3 

Brandhuber-Heslop-VVK-Travaglini 09

Strong coupling Weak coupling 2-loop 

Alday-Maldacena 09



Regular Polygons in 2+1 

• 2n-gons which can be embedded into the 1+1-dim 

boundary of AdS3; conformally equivalent to regular 

polygons in 2+1 dims

• At 2-loops we have:    

• Brandhuber-Heslop-VVK-Travaglini’09



Regular Polygons in 2+1 



• Want to work with a finite and conformally-invariant object 

which can be used at strong as well as weak coupling.

• Don’t wish to subtract (any specific form of) BDS, 

don’t want to use the Remainder, don’t want to heavily 

rely on any specific regularisation scheme.

• Ideally want to formulate Wilson loop/Amplitude duality in 

terms of something more closely related to the free-energy 

contribution appearing at strong coupling in

Alday-Gaiotto-Maldacena  ,  Alday-Maldacena-Sever-Vieira’10

4. The Ratio of Wilson loops

Heslop-VVK’10





Alday-Gaiotto-Maldacena  ,  Alday-Maldacena-Sever-Vieira’10









As in:   Alday-Henn-Plefka-Schuster’09 

Henn-Naculich-Schnitzer-Spradlin’10



Multi-Collinear Limits

• k+1 consecutive external momenta become collinear:





5. Continuous family of n-gons 

Heslop-VVK’10Alday-Maldacena-Sever-Vieira’10



Alday-Maldacena-Sever-Vieira’10



Hexagon phi-family



Hexagon phi-family



Octagon phi-family



Octagon phi-family



Decagon phi-family



Conclusions 
• Wilson loops at 2-loop level are under control.

• If the duality with amplitudes continues to hold 

 numerical control over planar n-point 2-loop MHV amplitudes.

• Wilson loop/Amplitudes duality can be formulated  via

or in terms of the ratios:                                 Then:

1. All loops are involved including 1-loop

2. No dependence survives beyond gamma-cusp in subleading terms

3.    Any regularisation applies and the logarithm looses no information.

• Similarities between weak-coupling and strong-coupling results.  

[Apply integrable methods at weak coupling??]


